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Chevalley algebras associated with finite-dimensional simple Lie algebras 
L over the complex field were defined in 151, and their ideal structure was 
worked out there in terms of the ideal structure of the underlying 
commutative ring R with identity (See also ]lO].) Recently, Garland [2] has 
shown the existence of a Chevalley basis for infinite-dimensional 
Kac-Moody Lie algebras [6, 7 ] of affine type [8 J over the complex field. 
This makes possible the construction of Chevalley algebras by transfer of the 
scalars to a commutative ring R with identity, just as in the iinite- 
dimensional case. We study here the ideal structure of these algebras, which 
we call aflne Chevalley algebras. 
In Section 1, we establish the notation we need to state results on the ideal 
structure of iinitc dimensional Chevalley algebras. In Section 2, we describe 
Kac-Moody Lie algebras and Garland’s Chevalley basis theorem for such 
algebras associated with afline generalized Cartan matrices. In Section 3, we 
study an important exact sequence for atline Chevalley algebras, extending a 
result of Kac and Moody [6,8] on the structure of Euclidean Kac-Moody 
Lie algebras. In Section 4, the ideal structure of the alline Chevalley algebras 
over Noctherian integral domains is studied, using the results of Section 3 
and the known structure of finite-dimensional Chevalley algebras over 
Laurent polynomial rings. Our Main Theorem 4.7 takes the form of a 
sandwich result reminiscent of the situation in classical Chevalley algebras 
[ 5, Theorems 3.4-3.6; 10, Theorem 3.11. Our result constitutes a partial 
generalization of a theorem of Moody [7, Theorem 4] on the ideal structure 
of Euclidean Lie algebras over a field of characteristic zero. (see 
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Corollary 4.8.) In the final section, we consider analogues of the results of 
Section 4 over more general rings R. 
1. CLASSICAL CHEVALLEY ALGEBRAS 
Let L be a finite-dimensional simple Lie algebra over the complex field, H 
an m-dimensional Cartan subalgebra, @ the set of roots of L relative to H, 
and Z7= {r,, r?,..., r,) a simple system of roots. For r E @, let L, be the 
corresponding root space. Chevalley [ 1 ] established the following basic fact. 
THEOREM 1.1. There is a basis B = {e, 1 r E @ ) U (6,) h; ,..., h-,}, where 
Fr E L,, li E H, such that 
(i) [Ki, hj] = 0 for all i and j, 
(ii) [e;, e-,] = h;, a certain [9, Lemma 1 ] integral linear combination 
of Ii, ) h; )...) &. 
(iii) Zf r + s # 0, then [Fr, .FS] = kNrsF,.+,, where N,, is 0 ifr + s 6Z @, 
and otherwise is p + 1, where p is the largest integer such that s -pr E @. 
(iv) [h;, ~~1 = (2(s, r)/(r, r)) FS = ~(6,) FS, where ( , ) is the Killing 
form on the dual H* of H. We note that the Cartan integer 
c(r, s) = 2(s, r)/(r, r) = p - q, where q is the largest integer such that 
s+prE@. 
Denote by L, the free abelian group on B. This is the Chevalley lattice of 
L corresponding to B and is closed under Lie products. Let R be a 
commutative ring with identity. 
DEFINITION 1.2. The Chevafley algebra of L over R is 
L, = R &L,, 
This is uniquely determined up to isomorphism by L [4, pp. 147-1481. 
Let Hz be the free abelian group on {h,, h2,..., h,}. Then we denote 
R Oz Hz by HR. Similarly, if E, is the free abelian group on {cr ] r E @}, 
then E, stands for R @x E,. Note that HR is a subalgebra of L,, but E, is 
only an R-submodule. 
Even though L is simple over the complex field, L, is not in general 
simple. For an ideal J of R for instance, we can from the projection 
homomorphism f,: R -+ R/J, produce a homomorphism from L, onto L,,, 
with kernel JL,, which we can identify with L,. There are then ideals of L, 
corresponding to ideals of the ring R. A natural question then arises, namely 
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to what extent is the ideal structure of L, determined by the ideal structure 
of the underlying ring R. This question is answered in [5] and [lo], to which 
the reader is referred for proofs of the first two results below. Assume that 2 
and 3 are not zero divisors in R. 
THEOREM 1.3. Suppose that I & HR, where I is an ideal of L,. Then 
there is an ideal J of R and a positive integer n such that 
~JL,GI~JL,. (1) 
Here, n is a product of divisors of det C, where C = (Cij) = (c(rt, rj)), and 
powers of k = (1, I)/@, s), where 1 is a long root and s is a short root of L. 
In case R is a field of prime characteristic, even more is known. 
Hogeweij [3] has determined all ideals of L, even in case R is of charac- 
teristic 2 or 3 or in case its characteristic divides m + 1 in type A,,,. Using 
Theorem 1.3, one can obtain the following characterization of the 
circumstances under which all ideals of L, arise from those of the ring R, 
again retaining the assumptions on 2 and 3. 
THEOREM 1.4. Every ideal I of L, has the form JL, for J an ideal of R 
tf and only tf k and det C are invertible in R. 
2. KAC-MOODY LIE ALGEBRAS AND AFFINE CHEVALLEY ALGEBRAS 
We continue the notation of the last section. Garland [2] considers 
Kac-Moody Lie algebras Lc associated with an (m + 1) X (m + 1) affine 
Cartan matrix c’ obtained from a classical Cartan matrix C, and shows that 
over the complex field such algebras have an integral basis closely related to 
the Chevalley basis for L of Section 1. We approach this from the more 
general viewpoint of Moody [7] first, and then specialize to the afftne case to 
state Garland’s theorem on Chevalley bases. We then can define the prin- 
cipal objects of study in the present paper, afine Chevalley algebras. 
We begin with an n x n generalized Cartan matrix (GCM) A = (aij), that 
is, a matrix of integers such that for all i and j, 
and 
aij < 0 if if j, 
a,, = 2 for all i = 1, 2 ,..., n, 
aij = 0 if and if aji = 0. 
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Let K be any field of characteristic zero. Let L i = L,(A) be the Lie algebra 
defined by a set {hi, e,,h}F=, of 3n generators with defining relations 
Ihi, hj] = O9 for all i and j, 
lei, fj] = 6ijhi for all i and j, 
[hi, ej] = Uijej for all i and j, (2) 
[hi, h] = -aij./j for all i and j, 
(ad e.)-““t ‘(e.) = 0 = (ad f.)-a”t ‘(j.) I J I J for i # j, i, j = 1, 2 ,..., n. 
Thus, L, is the quotient of the free Lie algebra on these 3n generators 
factored by the ideal generated by the elements obtained by rewriting each 
equation as an expression equated to zero. 
For an n-tuple (kr, k2,..., k,) of integers, we define subspaces 
L,(k,, kz,..., k,) as follows. L 1(0, 0 ,..., 0) = H(A) = the abelian subalgebra of 
L, spanned by (h,, h, ,..., h,}. If (k,, k, ,..., k,) consists of nonnegative (resp., 
nonpositive) integers, then L ,(k, , k, ,..., k,) is the subspace of L, spanned by 
all products [eil 3 [ei2 3-s ki,,-,7ei,l **. 11 (respectively, 
[A, Kzw LA,,-JJ ... Ilk w h ere ej (resp., fj) occurs 1 kit times. For all 
other n-tuples, L,(k,, k, ,..., k,) is defined to be 0. Each of these subspaces is 
seen to be finite dimensional, and L, is the sum of all the L,(k, , kz,..., k,) 
over all members of Z”. This gives us a Z”-gradation of L, . There is a 
unique graded ideal R, maximal among all graded ideals which intersect he 
span of {hi, ei, fi}r=, only in zero. 
DEFINITION 2.1. The Kac-Moody Lie algebra L, is L, /RI. 
Notice that if A is a classical Cartan matrix and K is the complex field, 
then R, = 0 and L, = L, is a classical simple Lie algebra. 
We denote the images of hi, ei,jJ, H(A), and L,(k,, kz,..., k,) by hi, ei,fi, 
H.43 and L(k,, k, ,..., k,), respectively. We define Di: L, + L, for each 
i = 1,2,..., n, to be multiplication by the scalar ki on L(k,, k2,..., k,). This is 
then a derivation of L, . Let D, be the n-dimensional subspace of commuting 
derivations spanned by D,, D, ,..., D,. Let D be a subspace of D, and form 
the semidirect product algebra Le = D x L, with component-wise addition 
and multiplication by scalars, and Lie product [d +l,d’ + I’] = 
[d,d’] + (d(t) - d’(l) + [1, I’]). Let H; = D x H c Lf;, an abelian subalgebra 
which acts via scalar multilication on L(k,, kz,..., k,). We further define 
a,, a,,..., a, E (He)* by 
[h e,] = ai(h) ei for h E H:, i = 1, 2 ,..., n. (3) 
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Thus ai = aij, i, j = 1,2 ,..., n. Henceforth we assume that D is so chosen 
that {a,, a, ,..., a,} is a linearly independent set. This is possible since, for 
instance, D = D, will serve, although it is often convenient o use a smaller 
such D. Observe that ai = 6,j for i, j ranging between 1 and n. We can 
now define the roots of L,. 
DEFINITION 2.2. Let a E (He)*. Then L” = (x E L, 1 [h, x] = u(h)x for 
all h E Hi}. A root of L, relative to Hf; is a member a of (He)* for which 
La # 0. The set of all roots is denoted by A = A(A). The positive roofs 
A+ = A+ (A) consist of all roots which are nonnegative integral linear 
combinations of a,, a, ,..., a,. The negative roots A _ = A-(A) are defined to 
be the negatives of the positive roots. 
Notice that Li = HA and L = HA @I CaeA+ L” @ Casd- L”. 
DEFINITION 2.3, The GCM A is symmetrizable if there exist positive 
rational numbers q,, q2 ,..., q,, such that diag(q,, qZ ,..., q&4 is a symmetric 
matrix. 
Henceforth, we assume that A is symmetrizuble. Then we can define a 
symmetric bilinear form on the subspace of (He)* spanned by A by setting 
for i, j = 1, 2 ,..., n. 
Then qi = (ai, a,)/2 and we set 
h: = f(Ui, Ui) hi E H, for i = 1, 2 ,..., n. 
For 4 = C;=, xiui, we also define 
h’ = .f xih;, 
i=l 
and use to transfer ( , ) to H by defining (h;, h;) = (ui, uj), for 
i, j = 1, 2 ,..., n, and then hb, h;) = (a, b) for any a and b in the span of A. 
For i = 1, 2,..., n, we define the Weyl reflection wi: (He)* -+ (He)* by 
w,(u) = a - u(h,) ai. 
Thus, in particular, from (3) we see that Wi(Uj) = uj -U& for 
i, j = 1, 2 ,..., n. The Weyl group W of L, is the subgroup of Aut(He)* 
generated by all the wi. It leaves A invariant, and we define the set A,(A) of 
real roots to be W({u,,..., a,}), and the set A,(A) of imuginury roots to be 
A -A,(A). 
364 HURLEY AND MORITA 
Now suppose that A is a classical m X m Cartan matrix C. We take 
D = 0, so that He = H, and Lg = L, is a classical Lie algebra over K. Our 
form ( , ) on H, is just the usual transferred Killing form from L. Using our 
notation @ for the set of roots of L,, the set 17 of simple roots determines 
the positive roots Q+(C). Let r0 E Q+(C) be the highest root. We set 
r m+1=- r0, and from the afine Cartan matrix C, where 
tij = 2(ri, rj)/(ri, ri), i, j = 1, 2 ,..., m + 1. Then c is a symmetrizable 
generalized Cartan matrix with associated Kac Moody Lie algebra Ls. 
Next let K[t, t-‘1 be the ring of Laurent polynomials over K. We define 
the infinite dimensional polynomial Lie algebra 
z= K[t, t-‘1 OK L,, 
with Lie product [f@x,g@y]=fg@[x,y] for f, gEK[t,t-‘1 and 
x, y E L,. Note that from the decomposition of L, into H, and the sum of 
the root spaces L’, we obtain 
E=K[t,t-‘]@,H& c L’O c t”@& L,. 
r=uJ nEZ+LR 
Now to avoid ambiguity, we write eT, f T, hT for ei,fi, hi in L,, i = 1, 2 ,..., n 
and A,* for h, in H,. For ro, choose e,* E Lro and f$ E L-‘O so that 
le,*, ft! 1 = W3 ro, ro). The following theorem of Kac [6] and Moody ] 81 
helps us describe the set of roots of Le. In our next result, we identify 1 0 x 
in z with x in L,. 
THEOREM 2.4. There is a unique epimorphism 6: Lc-+ L’ such that 
G(ei) = eT, G(fi) = f T, G(hi) = hT, i = 1, 2 ,..., m, G(e,+ ,) = t 0 f t, 
LX&+ ,) = t-’ @ e,*, and G(h,+, ) = 2h*_,,/(r,, rO). The kernel of c3 is the 
one-dimensional center of L? and is spanned by h, = CT!, ki hi + h,, , ,where 
r. = Cr=, k,r,. 
We define D,, , : L, -+ L, to be the (m + 1)st degree derivation, and 
define D to be the one-dimensional subspace of D, spanned by D,+, . It is 
easy to check that {a,, a, ,..., a,,,+, } in the resulting (He)* is then a linearly 
independent. set [2, p. 487 ]. Note that (3 isomorphically maps 
z La-+ 2 L’@ c t”OL, (4) 
a.A+(t) re9, ?lEZ+U?- 
and similarly for CnEd_(~) L”. We thus identify the two sides of (4). For 
rE@,r=C~Yn=lniri,niEZt orn,EZ-foralli,wedefinea(r)E(He)*by 
the formula a(r) = CyEI n,a,. We define the Lie algebra derivation 
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fi,, : L -+ L by Do(t” @ x) = nt” @ x for n E Z and x E L,. Then [ 2, p. 4871 
i?,,oc3=GoD,,,+,. Setting 
m 
2 = ~ kiai + U,+ 1 E (He)*, 
i= I 
it follows from Theorem 2.4 that 
PROPOSITION 2.5. (Kac [6, p. 2871). Let A be a GCM. Then the root 
a E A,(A) if and only ifja is a root for all integers j # 0. 
It HOW follows that Ai( {n~},,z-,,, and AR(c)= {u(r) + ~tl}~~z,~clp. 
Using our identl@cation (4) above, the root spaces La of L, are therefore 
La=t”@L’ (where a=nz+a(r), rE@ and nEZ) and La=tn@HC 
(where n E Z - (0) and a = nz). 
Next suppose that K is the complex field. We take qi = (ri, ri)/2, 
i = 1, 2,..., m + 1, so that qi > 0 for each i. Then diag(q,, q2 ,..., qm+,)c is a 
symmetric matrix with ij-entry (ri, rj) for i, j = 1, 2,..., m + 1. Notice then 
that with this choice of qi, (ai, uj) = (ri, rj), for i, j = 1, 2 ,..., m + 1, and 
hence for a E A(e), we have 2(u, ~,)/(a~, ai) E Z for i = 1, 2 ,..., m + 1. For 
each real root a = u(r) + m, we define e, E La = t” @L’ by e, = t” 0 ?,., 
where .?* is as in Theorem 1.1. For each imaginary root nr, we define for 
i = 1, 2,..., m and each nonzero integer n, e,(n) E L”’ = t” @ H, by 
e,(n) = f” @ fii. Note that {e,(n)}:!, is a basis for L”’ = t” 0 H, for each 
n E Z, and that (h, , h, ,..., h,, , } is a basis for Hi.. 
DEFINITION 2.6. The set B = {hi}y=‘l’ U {eo}aEhncCJ U {ei(n)}y=“=,,,,z is
called a Chevalley basis for L,-. 
We now are in a position to state Theorem 4.12 of [2], which serves to 
explain and justify the terminology in the preceding definition. 
THEOREM 2.7. l? is an integral basis for Lp. In fact, the equations of 
structure are 
(i) [e,,e,]=k(p+ l)ea+b if a+b#O, where a=a(r)+nz, 
b = b(s) + jz, r, s E @, n. j E Z, and p as in Theorem 1.1. 
(4 [e,, e-,] = h,, an integral combination of h, , h2,..., h,, , for all 
a EAR(c). 
(iii) Zf a = u(r) + nz, b = a(-r) + jz, r&Q, and n +j = I # 0, then 
[e,, e,] = t’ @ h, is an integral linear combination of e,(Z),..., e,(Z). 
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(iv> [e,(n), ej(-n)] = nCljzhF/( jr ,) r r. is an integral linear combination 
of h,,hz,...,h,+l. 
(v) [hi, e,] = (2(a, a,)/(a,, at)) e, for a E AR(c), i = 1,2 ,..., m + 1. 
(vi) [e,(n), e,] = (2(r, ri)/(ri, ri))ea+,,,, where i= I,..., m, n # 0 is in 
Zanda=a(r)+jt,rE@,jEZ. 
AN other products of elements in B are zero. 
Now let (~5c)x be the free abelian group on B. We can then give the 
following definition of our basic object of study. 
DEFINITION 2.8. If R is a commutative ring with identity, then the afine 
Chevalley algebra of Lc over R is 
Our purpose here is to study the ideal structure of the afine Chevalley 
algebra (LF)~ using to good advantage our knowledge of the ideal structure 
of the finite dimensional Chevalley algebra J?,~,~,~~,] over the Laurent 
polynomial ring R[r, t-l]. The next section lays the groundwork for the 
study of ideals Chevalley algebras. 
3. EXACT SEQUENCES OF CHEVALLEY ALGEBRAS 
Let C and c be respectively a classical Cartan matrix and the affine 
Cartan matrix associated with C. We denote by L, (respectively, Lc) the 
Kac-Moody Lie algebra over C associated with C (respectively, c), as 
described in Section 2 above. A key result for our purposes is the following 
restatement of Theorem 2.4 in terms of exact sequences. 
LEMMA 3.1. Let B = Ch, be the center of Le. Then the sequence 
O+B+L,AZ+O 
is exact. 
Let (L,), and (L& be the Chevalley lattice and affme Chevalley lattice 
respectively. Set -Z?& =Zh, and Lx= Z[t, t-‘1 Oz (L,),. We have the 
following analogue of Lemma 3.1. 
LEMMA 3.2. Let G3’ be the restriction of c3 to (Ls)~. Then the sequence 
o+ s-- (L&~& 0 
is exact. 
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Proof: By the definition of c3, the map 3’ is surjective. Note that the 
kernel of 6’ coincides with (Zh, + + .- + Zh,, 1) fl Z, which is spanned by h, 
over Z since h, = Cr=, kih, + h, + r. Q.E.D. 
For any commutative ring R with identity, let XR = R @,zz, 
(L,& = R 0, (L&, and L, = R C&L,. Then tensoring with R in 
Lemma 3.2 gives us immediately the next result. 
COROLLARY 3.3. The following sequence is exact. 
0 + ..zR -+ (LS)R -J% L”, + 0. 
For any idea1 1 of (L&, set Z = (3’(0. Then we have the following 
description of E 
LEMMA 3.4. Suppose that ZE Z[t, t-‘1 @&Hz. Then r has the form 
(n)sz for some integer n. 
Proof. By the definition of ;‘, we have Tc_ Cood,t~, La. Let x E r For 
each i = l,..., m + 1, we have 
Similarly, [x, fi] = 0 for each i. Therefore, x E zz, and so TG 2x. Hence, 
r== (n) 8, for some n E Z. Q.E.D. 
PROPOSITION 3.5. Suppose that Z @ Z[t, t-‘1 Oz H,. Then, 
mBE9+&c$I, 
for some m E Z and for some ideal ‘u of Z [t, t-l], where 
B = (c3’)-‘(9Ez). 
ProoJ By Theorem 1.3, we can find m E Z and an idea1 ‘2[ of Z[t, t-‘1 
such that m%& s Z E Cuz,, which gives the Lemma. Q.E.D. 
4. IDEALS IN AFFINE CHEVALLEY ALGEBRAS 
We are now ready to investigate the idea1 structure of our algebras. For 
simplicity, we state our main theorem for algebras over a Noetherian UFD, 
but lay groundwork genera1 enough to permit discussion of the idea1 
structure of affme Chevalley algebras over more genera1 rings in the next 
section. Before focusing on the Chevalley algebras, we need some results on 
ideals of Laurent polynomial rings. 
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DEFINITION 4.1. Let R be a commutative ring with 1, and let R [t, t- ’ 1 
be the ring of Laurent polynomials in t and t- ’ with coefficients in R. For an 
element f(t)=Cakt”ER[t,tp’], we write d(f(t)) = (k E Z 1 ak # 0). We 
also set a(f(t)) = max{k, - k, / k,, k, E d(f(t))} iff(t) # 0, and define a(0) 
to be co. For any ideal ‘u of R[t, t-l], we define ,~(a)= 
min{df(t)) If(t) E al and G(a) = If(t) E 21 I o(f(t)> =clP)l. 
These concepts permit us to derive the following two results about ideals 
of R[t, t-‘1. 
LEMMA 4.2. Let R be a commutative ring with identity, and let U be an 
ideal of R[t, t-‘I. Zf f(t) and g(t) are in G(U), then there exist nonzero 
elements a and b in R and an integer n such that af(t) + bt”g(t) = 0. 
Proof We may assume @I) < co. Write f(t) = c,tk + ck+, tk+ ’ t ... , 
andg(t)=d,t’td,+,t”‘t ... , where ck and d, are not zero. Put a = d, and 
b = -ck and n = k - 1. Suppose that af(t) + bt”g(t) is nonzero. Then 
o(af (t) + bt”g(t)) < &9l), which is a contradiction. Q.E.D. 
LEMMA 4.3. Let R be a commutative ring with identity, and let ‘u be an 
ideal of R[t, t-l]. Then there exists an element p(t) E ‘2I satisfying the 
following condition (*). 
For each f(t) E ?I, there exist an element mr in R such that 
mff (t) E (p(t)> s R [t, t- ‘I. (*I 
ProoJ We fix an element f(t) E G(‘U), say p(t). If f(t) = 0, then clearly 
f(t) E (p(t)). A ssume that f(t) # 0. If o(f (t)) = ,~(a), then f(t) E G(U), so 
m,f(t) E (p(t)) for some m,E R by Lemma 4.2. Thus we may assume that 
a(f(t)) > ,+I). Write p(t) = cktk t ck+ Itk+’ + ... , where ck # 0, and 
f(t)=d,t’+d,+,t’+‘+... , where d, # 0. If 0 # ck f (t) - d, t’-kp(t) E ‘u, then 
,u(?l) < o(ck f (t) - d, t’-kp(t)) < a(f (t)). By descending induction, we then 
have mff(t) E (p(t)) f or 
d,t’-kp(t) = 0. 
some m,E R, which is immediate if ckf (t) - 
Q.E.D. 
LEMMA 4.4. Let R be a Noetherian integral domain, and let ‘u. be an 
ideal of R[t, t-l]. Then there exist an element p(t) E R[t, tt’] and an 
element m E R such that 
(p(t)) (= 3 E m-‘(p(t)). 
Proof. Choose and fix p(t) in G(9I). Since R is Noetherian, so is the 
polynomial ring R[x, y] by the Hilbert Basis Theorem, and hence its 
homomorphic image R [t, t-‘] is also Noetherian. Thus ?I is generated by 
finitely many Laurent polynomials, say f,(t), f*(t),..., fk(t). By Lemma 4.3, 
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there exist m ,,..., mk in R such that mix(t) E (p(t)) for i = l,..., k. Put 
m = m, m, ... mk. Then mU s (p(t)). Q.E.D. 
LEMMA 4.5. Let be a Noetherian unique factorization domain, and let ‘ZI 
be an ideal of R [ t, t- ‘1. Then there exist elements p’(t) in R [ t, t- ‘1 and m’ in 
R such that 
m’(p’(t)) G VI C (p’(t)). 
Proof. Choose p(t) and m as in Lemma 4.4. First suppose that mj’p(t). 
Then 
f(t) E m- ‘(p(t)) 3 mf(t> E (p(t)) 
a m/(t) = g(t) p(t) for some g(t) E R [t, t-l] 
* g(t) = mg’(t) since R is a UFD 
=-f(t) = g’(t) p(t) 
-f(t) E (p(t)). 
Therefore, rn-‘(p(t)) = (p(t)) since (p(t)) is certainly contained in 
m-‘(p(t)). Thus, in this case, we can take p’(t) to be p(t) and m’ to be 1. In 
particular then, ‘u is the principal ideal (p(t)). Next suppose that m 1 p(t). 
Set p’(t) = m-‘p(t). Then m-‘(p(t)) = (p’(t)) and (p(t)) = m(p’(t)). 
Therefore, in this case, we can take m’ to be m. Q.E.D. 
We are now ready for the last link in our chain of lemmas which establish 
our main theorem. 
LEMMA 4.6. Let !?I be an ideal of R[t, tt’], where R is a Noetherian 
unique factorization domain such that if C is of type A, or C,, n > 2, then 2 
is invertible in R. Suppose m’ and p’(t) = C~=Oa,t”E R[t, tt’] are as in 
Lemma 4.5. Then 
where r E @ is a long root if @ has more than one root length. 
Proof: Since (p’(t)) 2 ‘u 2 m’(p’(t)), we have 
p’(t) LR,W, 2 m RW] 2 m’p’(t) LR[t,t-il. 
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Hence, 
(3 ‘(P’(f) L RII.f-IJ)I> W~R,,*,-q) 26 ‘WP’WR I,,, -I,). 
Note that (3(m’ x:=0 unea,,,+n, ) = &P’(I) e,, with the same equality holding 
if M’ is replaced by 1. Because of our assumptions on @, r, and R, the 
element &p’(t) e, generates the ideal &p’(r) LR,,$,. ,, (cf. 15, pp. 249-2521). 
Since the same is true if we replace m’ by I, we have that 
C’(m’p’(r) L R,,,,-‘I) = TR + “‘(CSn.-oane,,,,+,,)(Lr), and the same 
relation with 1 in place of m’. Hence, the result follows. Q.E.D. 
We are now in position to state our main theorem, which is based on the 
sandwich relation in Lemma 4.6. 
THEOREM 4.7. Let R be as in Lemma 4.6. Let i be an ideal of (L& 
and G(o = I the corresponding ideal ofLR,,., ll. Then 
(1) naLRlr., lI c 1 c mRlr,,- lI for some ideal 21 of R 1 I, I - ’ 1 and for 
some positive integer n. 
(2) If I c R[t, t-‘1 Oz H,, then TG JR, and i= Jh, for some ideal J 
ofR. 
(3) rS It&RR[t,t ‘]@zHz, then there exist an ideal (p’(t)) of 
R [ t, t- ’ ] and an element m’ E R such that 
(a) m’(p’(t)) C_ 2I C (p’(f)), 
(W nm’(CLo a,e,,,, . .,)(Ls’~ + 4 G i+ -5 
E CCzo ~,e,,r,,nL)(LC)R + zR3 
where p’(t) = C;-O a,, t” and r is a long roof if @ has more than one root 
length. 
(4) Jfi? llR, then (3b) becomes 
( 
* 
nm’ 2: wk)+., 
II-0 
) (LeJR E k (“co a,e,,,, + “j (Lr’h + 4 a 
ProoJ: (I) This follows directly from Theorem 1.3. 
(2) This follows directly from Lemma 3.4. 
(3) Statement (a) is simply Lemma 4.5. Statement (b) follows directly 
from Part (I) of the theorem and Lemma 4.6. 
(4) This follows immediately from (3). Q.E.D. 
If we let R = K, a field of characteristic zero, in Theorem 4.7, then we 
know that K [r, r -’ ] is a principal ideal domain, and so then is LK,,.(., , by 
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Theorem 1.4. Thus in Theorem 4.7 (1), I = !!URlt,t-,l. In Theorem 4.7 (2), if 
I is confined to K[t, t-‘1 @z Hz, then I’= Kh, and so it coincides with this 
one-dimensional ideal, so is principal. Otherwise, we have U = (p’(t)) in 
Theorem 4.7 (3a), and in Part (3b) we have 
I’= c3-‘(I) = 6-‘(21LK,t,t-I]) = -zR + 
( 
i a,+,,+,, 
) 
(ml 
n=O 
by the proof of Lemma 4.6. Hence, modulo the center, every ideal in (L,& is 
principal. In view of the fact that (Ls)~ modulo its center is a Euclidean 
Kac-Moody Lie algebra, we have the following corollary for aftine type 
Euclidean Lie algebras. This result was established by Moody [6, 
Theorem 41 for Kac-Moody Lie algebras arising from symmetrizable 
generalized Cartan matrices A, using different method from ours. 
COROLLARY 4.8. Every ideal of (LS)K/%K is principal. 
5. MORE GENERAL RINGS 
In this section, we consider more general commutative rings R with 
identity. First, suppose that R is a Noetherian integral domain, so that 
Lemma 4.4 holds. We can use Lemma 4.4 to obtain a sandwich relation like 
that of Lemma 4.6, but the upper bound in this case is only an (Ls)~- 
module, and not necessarily an ideal of (L,x)~. 
LEMMA 5.1. Let R be a Noetherian integral domain such that if C is of 
type A, or C,, n > 2, then 2 is invertible in R. Let ‘u be an ideal of R[t, t-‘I. 
Suppose m and p(t) are as in Lemma 4.4. Then 
4 + m-’ i w,,,,.., ( 1 (k)R 2 W’ULR(t,t-‘1) PI=0 
where p(t) = C”,=. a,, t” E R[t, t-l], and r is as in Lemma 4.6. 
Proof The reasoning used in the proof of Lemma 4.6 applies here also. 
The m’ on the right in Lemma 4.6 is exchanged for the m-’ on the left here, 
but this does not affect the proof. Q.E.D. 
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We can now obtain at once the following more general version of 
Theorem 4.7, in view of the results in Section 3. 
THEOREM 5.2. Let I’ be an ideal of (Lc)~ and &(o = I an ideal of 
L RlI,t-‘1 ’ Then (1) and (2) of Theorem 4.7 hold. If Z& R[t, t-‘1 &Hz, then 
there exist an ideal (p(t)) of R [t, t-‘1 and an element m E R such that 
(a) (p(t))cU G m-‘(p(t)), where rn-‘(p(t)) is an R[t, t-‘) module 
and not necesarily an ideal of R [t, t-l]; 
@I CC,= 0 aneacr)+nz)(LdR E f+ I”R 
where p(t) is as in Lemma 5, and where the last expression on the right is an 
(Ls)~ module in the afline Chevalley algebra (Ls)~ over the quotient field F 
of R and is not necessarily an ideal in (Ls)~. 
What can be said for still more general rings? Focusing on Theorem 4.7, 
we can recover (1) so long as 2 and 3 are neither zero nor zero divisors in R 
(cf. [5]). Over the ring Z of integers, we have Proposition 3.5, which we see 
extends to general commutative rings with identity under our restrictions on 
2 and 3. But without an analogue to Lemma 4.4, we are not in position to 
obtain a sharp result paralleling Theorem 4.7(3) in the general case. We 
must then content ourselves with the following consequence of Theorem 1.4 
and Proposition 3.5. We retain our restrictive assumptions on 2 and 3 in R. 
PROPOSITION 5.3. If k and det C are invertible in R, where k is as in 
Section 1, then any ideal ? which contains the center of (LF)~ has the form 
G-‘(VIL R,t,fm,,)for some ideal U of R[t, t-l]. 
Proof: In this case, in (1) of Theorem 4.6, I = (ULR,l,,-,l for some ideal A 
of L Rrt,t-,, , by Theorem 1.4. Q.E.D. 
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